ANNIHILATORS OF ARTINIAN MODULES COMPATIBLE WITH A 

FROBENIUS MAP 



MORDECHAI KATZMAN AND WENLIANG ZHANG 

Abstract. In this paper we consider Artinian modules over power series rings endowed 
with a Frobenius map. We describe a method for finding the set of all prime annihila- 
tors of submodules which are preserved by the given Frobenius map and on which the 
Frobenius map is not nilpotent. This extends the algorithm by Karl Schwede and the 
first author, which solved this problem for submodules of the injective hull of the residue 
field. 

The Matlis dual of this problem asks for the radical annihilators of quotients of free 
modules by submodules preserved by a given Frobenius near-splitting, and the same 
method solves this dual problem in the _F-finite case. 



1. Introduction 

This paper describes an algorithm for finding the annihilators of submodules of Artinian 
modules which are preserved by a given Frobenius map. 

Throughout this paper R will denote a ring of formal power series over a field IK of prime 
characteristic p, m will denote its maximal ideal, and E = En(R/m) will denote the injective 
hull of its residue field. The Frobenius map sending r € R to its pth power will be denoted 
/, and f e will be its eth iteration. 

Given any i?-module M and e > 0, we may endow M with a new i?-module structure 
given by r ■ m — r p m for all r £ R and m € M and we denote this new module F£M. An 
eth Frobenius map on M is an element of Hoitir(M, F£M), or, equivalently, an additive map 
(j> : M — > M such that cf>(rm) = r p 4>{m) for all r <E R and m € M. Given such a Frobenius 
map (j) G Uom R (M, F£M) we call an i?-submodule N C M ^-compatible if <j)(N) C F£N. 
When discussing the case e = 1, we shall shall drop the e from the notation above. 

The aim of this paper is to find the set of radical annihilators of all ^-compatible sub- 
modules of a given Artinian i?-module, or, equivalently (cf. Proposition 12.11 below), given 
a cf> E Homn(E a , F^E"), to find all radical annihilators of i?-submodulcs N C E a which 
satisfy <j>(N) C F*N. We shall accomplish this under the assumption that this 4> restricts to 
a non-zero map on N: in this case the set of radical annihilators is shown to be finite and 
given by the intersection of all prime ideals in it (cf. [S, Corollary 3.11] and |EH| Section 
3].) 
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This extends the results in [KSj which describes an algorithm for producing such sets 
of annihilators when a = 1. We shall first describe this algorithm from a more algebraic 
point of view than in [KSj and comment on why it cannot be directly extended for a > 1 . 
We shall then give a description of Frobenius maps on E a in terms of certain matrices and 
finally we will produce an algorithm which works recursively on a, in which the case a = 1 
treated in |KS] provides the foundation. 

This paper is organized as follows. Section [2] introduces the notion of Frobenius maps 
and studies Frobenius maps of Artinian modules using the properties of a version of Matlis 
duality which keeps track of the Frobenius maps: these are the functors A e and "J 6 described 
there. 

In section [3] we generalize two operations which were originally introduced in the context 
of Frobenius splittings and Frobenius maps in the injective hulls of residue fields, namely, the 
I e (— ) operation (denoted P/p"! by some authors) and the ^-closure. There are generalized 
from operations on ideals to operations on free modules, and some of their properties are 
studied here, e.g., their behaviour under localization. 

Section 0] reviews the algorithm in KS for finding prime annihilators of submodules of 
the injective hull of the residue field stable under a given Frobenius map, and presents a 
proof for its main ingredient in algebraic language. 

The main section of this paper, section |4] generalizes the Katzman-Schwede algorithm to 
deal with prime annihilators of general Artinian modules endowed with a Frobenius map. 

The main result, Theorem l5.6[ yields an algorithm which is described in detail in section 
IH We also carry out two calculations following the algorithm to illustrate its use. 

Finally, section [7] translates the previous results into the language of Frobenius near- 
splittings of free modules in the case where we work over an _F-finite case: in this setup 
Frobenius maps and near-splittings are dual notions. 

2. Frobenius maps of Artinian modules and their stable submodules 

In this section we describe all Frobenius maps on Artinian i?-modules. We may think 
of eth Frobenius maps as left-module structures over the following skew-commutative rings 
i?[8; f e ]: as an i?-module it is the free module ®^ i?O l and we extend the rule Or = r p 8 
for all r £ R to a (non-commutative!) multiplicative structure on i?[0; f e ]. Now given an 
eth Frobenius map cf> on an i?-module M, we can turn it into a left R[Q', / e ]-module by 
extending the rule 0m = (f>(m) for all m £ M. The fact that this gives M the structure of 
a left i?[0; / e ]-module is simply because for all r € R and m £ M, 

O(rm) = 4>(rm) = r p <p(m) = r p Qm — (Or)m. 

Conversely, if M is a left i?[9; / e ]-module, then : M M is an eth Frobenius map. 

Recall the definition of the eth Frobenius functor: the tensoring (— ) — > F£R ®r (— ) 
defines a functor from the category of i?-modules to the category of F£ i?-modules and if 
we now identify the rings R and F£R and denote Fjj(M) the resulting functor from the 
category if i?-modules to itself, the eth Frobenius functor. 
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Following jKlj we shall refer to the category of Artinian i?[0; / e ]-modules C and the 
category CD be of i?-linear maps M — > F^(M) where M is a finitely generated i?-modulc, 
and where a morphism between M A- F^{M) and N — > F^(N) is a commutative diagram 
of i?-linear maps 

M *- N . 

a b 

F° R {M) -^l F R (N) 

We also refer to the mutually inverse functors A e : C — > D and \& e : D — > C also described 
in |Klj . As before, we will suppress e from the notation when e = 1. 

Given an Artinian i?-module M we can embed M in E a for some a and extend this 
inclusion to an exact sequence 

0^ M ^ E a ^ E p ^ ... 

where A* G Homn(E a ,E 13 ) = Homn(R a , R@) is a f3 x a matrix with entries in i?. Proposi- 
tion l2.1l below shows that the Frobenius maps on M are restrictions of Frobenius maps on E a 
and those can be described in terms of the following canonical Frobenius map T : E a — > E a . 

Since R is regular local, E is isomorphic to the module of inverse polynomials K[x^ , . . . , x~7} 
where X\,...,Xd are minimal generators of the maximal ideal of R (cf. |BS[ §12.4].) Thus E 
has a natural R[T; /]-module structure additively extending T(\x~[ ai . . . x^ ad ) — X p x^ pai . . . x± 
for A € K and ai, . . . , ay > 0. We can further extend this to a natural R[T; /]-module struc- 
ture on E a given by 



( «1 ^ 




( T «i \ 






\ Ta a J 



Proposition 2.1. Let M = her A* be an Artinian R-module where A is a ax [3 matrix with 
entries in R. Let e > 1 and let B be the set of ax a matrices which satisfy ImiM C ImA^ 1. 
For a given eth Frobenius map on M , A(M) € Hom^CokerA, Coker A^ p 1) and is given by 
multiplication by a B G B and, conversely, any such B defines an i?[0; f e ]-module structure 
on M which is given by the restriction to M of the Frobenius map 4> : E a E a defined by 
4>{v) = B t T e (v) where T is the natural Frobenius map on E a . 

Proof. Matlis duality gives an exact sequence R@ ^> R a — > M v — > hence 
A e (Af) G Hom fi (M v ,i^(M v )) = Hom fl (Coker A, Coker A [p ° ] ). 
Let A e (M) be the map <\> : Coker A -> Coker A^ . 

In view of Theorem 3.1 in |K1| we only need to show that any such i?-linear map is given 
by multiplication by an B E B, and that any such B defines an element in A e (M). 

The freeness of R a enables us to lift the map <j> : Coker A — > Coker Aw* to a map 
4>' : R a — > R a given by multiplication by some a x a matrix B G B. Conversely, any such 
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matrix B defines a map <j) : CokcrA -> CokerA^l, and f e (</>) is a Frobenius map on M as 
described in the statement of the proposition. □ 

In the rest of the paper we shall consider Frobenius actions = UT on E a and R[Q e ; f e ] 
submodulcs M C E a . The proposition above shows that for any such M there isaVC R a 
such that M = ann E <* V 1 := {ze£ a | V^z = 0} and [TV C V^l. This will be henceforth 
used extensively and implicitly. For simplicity we adopt the following notation: given any 
V C R a we define E (V) = aiui £ <, V. 

3. Extending the ^-closure 

The purpose of this section is to extend the ^-closure operation as first defined in section 
5 of [Kl] . 

Definition 3.1. Let e > 0. 

(a) Given any matrix (or vector) A with entries in R, we define A^ p 1 to be the matrix 
obtained from A by raising its entries to the p e th power. 

(b) Given any submodule K C R a , we define 1 to be the i?-submodule of R a 
generated by {y&i | v € K}. 

Theorem 3.2. Let e > 1. 

(a) Given a submodule K C i? Q f/iere exists a minimal submodule L C i? Q /or which 
K C il p 1. FFe denote this minimal submodule I e (K). 

(b) Lei {/ be a ay. a matrix with entries in R and let V C i? a . TVie sei o/ a/Z submodules 
W C i? Q which contain V and which satisfy UW C 1 Tias a unique minimal 
element. 

Proof. Let i be the intersection of all submodules M C R a for which X C M^ p 1. Proposi- 
tion 5.3 in |Klj implies that if C L^ ' and clearly, L is minimal with this property. 

To prove (b) we carry out a construction similar to that in |K1[ section 5]. Define 
inductively Vq = V and V+i = h(UVi) + Vi for all i > 0. The sequence {14}i>o must 
stabilize to some submodule W = Vj C R a . Since W = h{UW) + W, h(UW) C PF and 
Z7W C #1. 

Let Z be any submodule of R a containing V for which UZ C Z^l. We show by induction 
on i that V C Z for all i > 0. Clearly, Vo = V C Z, and if for some i > 0, V C Z then 
UVi QUZ C hence Ji([7V) C Z and V+i C Z. This shows that W Q Z. □ 

Definition 3.3. With notation as in Theorem 13.21 we call the unique minimal submodule 
in I3.2f b) the star closure of V with respect to U and denote it V* u . 

The effective calculation of the ^-closure boils down to the calculation of I e , and this is a 
straightforward generalization of the calculation of I e for ideals. To do so, we first note that 
if R is a free i? p -module with free basis 23 (e.g., when dims? K < oo), then every element 
v e R a can be expressed uniquely in the form v = J2b£"S w lT where uj, £ R a for all b G 23. 
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Proposition 3.4. Let e > 1. 

(a) For any submodules Vi,...,V t C R n , I e (Vi + ■ ■ ■ + V e ) = I e {Vi) + ■■■ + I e {V e ). 

(b) Assume that R is a free R p -module with free basis 23 (e.g., when dimKP IK < oo). 
Let v £ R a and let 

bes 

be the unique expression for v where Ub £ R a for all b £ 23. Then I e (Rv) is the 
submodule U of R a generated by {ub \ b £ 23}. 

Proof. The proof if this proposition is a straightforward modification of the proofs of propo- 
sitions 5.2 and 5.6 in |K1) . 

Clearly, I e {V x + --- + V e )D I e (Vi) for all 1 < i < £, hence I e (Vi + ■ ■ ■ + V t ) D I e {V x ) + 
• • • + I e (Ve). On the other hand 

(L^) + ■■■ + I e (V e ))^ = I e {V{)^ + ■■■ + I e (vS P ° ] ^V 1 + --- + V i 

and the minimality of I e (Vi H h Ve) implies that 7 e (Vi H h V£) C 7 e (Vi) H h Z e (T^) 

and (a) follows. 

Clearly v £ U^- p 1, and so I e (Rv) C J7. On the other hand, let W be a submodule of i? Q 
such that v £ V0 P 1. Write t? = r i' u '| P ' f° r r i G an d Wi £ W for all 1 < i < s, and 

for each such i write = X^bes r bi ^ where r^i £ R for all b £ 23. Now 

bes bes \i=i / 

and since these are direct sums, we compare coefficients and obtain u b p ' = fX^i=i r bi w< f 
for all 6 £ 23 and so i*b = (X)i=i r biWi) for all 6 € 23 hence Ub £ U for all 6 G 23. □ 



Lemma 3.5 (cf. [M])- § C R be a multiplicative set, and let W C i? Q . For all e > 1, 
I e (§^ 1 W) exists and equals §~ 1 I e (W). 

Proof. We first note that Iei^W n i?")^ D S" 1 !^ n i?" hence S^I^^W n R a )^ D 

s- 1 (S- 1 wn-R a! ) = s- 1 ^. 

Let Wi C i? Q be another module for which S^wj^ 3 S" 1 !^; we have 

(S^Wi n i? Q ) [pe] = s- 1 wj p,] n iT d s^ 1 ^ n i? Q 

hence Je(S -1 Wni? a ) C S^T^nR and §- 1 I e (§- 1 WnR a ) C S" 1 (S^Wi n i? Q ) = S^ 1 ^. 

We can now conclude that I^^W) exists and equals §- 1 I e (§- 1 Wn R a ). 

We now have I^^W) = S^IdS^W n R a ) 3 S _1 / e (W r ), and we finish the proof 
by showing that I e (S~ 1 W) C §~ 1 L e (W). This last inclusion is equivalent to §~ 1 W C 
(S -1 / e (W)) [pe] and this follows from the fact that W C J^W)^. □ 
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The existence of the J e (— ) operation in localizations of R a allows us to define * u opera- 
tions on submodules of these localizations in an identical way to its definition for submodules 
of R a . We shall use these later in Section [SJ 

Throughout the rest of this section we fix a Frobenius map — U t T : E a — » E a where 
U is an a x a matrix with entries in R. 



Lemma 3.6 (cf. Theorem 4.7 in [KT]). The R[Q; f]-submodule Z = {a e E a | 6 e a = 0} is 

given by 

E (l e {ImU [p °~ 1] U [p °~ 2] ...17)) . 

Proof. Write Z — E (W) for some _R-submodule If C ]J a . We may view E a and Z as 
R[Q e ; /^-modules and apply A e to the inclusion Z C E a gives a commutative diagram 
with exact rows 

R a R a /W ^ 



l/lP° 1 ] [ /b e 2 ]...u 



Ulp" ] u Ip' ]... u 



R a ^ R a /W^ ^ 

where the right-most vertical map is zero. We deduce that W is the smallest submodule of 
R a for which the rightmost vertical map is zero, i.e., 

□ 



Lemma 3.7 (cf. Theorem 4.8 in [K3]). Let K C R a and assume that E (K) is an R[Q; /]- 
module. The R[Q; f]-module M = {z G E a \ Qz G E (K)} is E (h(UK)). 

Proof. Since E (K) is an i?[6; /]-module, E (K) C M. Write M = E (V) for some V C R a 
and apply Ai to the short exact sequence — !• E (K) -> E (V) E (V) / E (if) -> of 
i?[0; /]-modules to obtain the following commutative diagram with commutative rows 

K/V R a /V >■ R a /K s~ 



u 



u 



u 



^ /vM R a /V^ ^ R a /K^ s~ 

and V is the smallest submodule of R a on which the leftmost vertical map vanishes, i.e., 
V = h{UK). □ 

Lemma 3.8. Let E (W) be a R[Q; f] -submodule, where W CR a . Write J = (0 : R E (W)) = 
(0 :r R a /W) and let Q be an associated prime of J. There exists an R-submodule W C R a 
such that E (w) is a i?[9; f]-submodule and (0 : R E (w^j) = (0 : R R a /W) = Q. 

Proof. Let q% PI • • • PI q s be a minimal primary decomposition of J with Q = Jq\. Pick an 
a e R for which ( J : a) = Q. and write W = (W : Ra a) := {« G R a \ av G VP}. It is 
straightforward to verify that (0 : R R a /W) = (J : a) = Q and since we have 

oPUW C a^t/W C aP^W^ C VF M 
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and so UW C (W^ : Ra a p ) = (W : Ra a)M. □ 

4. The case a = 1 

In this section we describe an algorithm for finding all submodules of E (P) C E which 
are preserved by a given Frobenius map = uT (u £ P), under the assumptions that 
P C R is prime and that the restriction of : P — > P to E (P) is not the zero map. This 
algorithm is essentially the one described in [KS , however, we present it here in terms of 
P[0; /]-submodulcs of E rather than in terms of Frobenius splittings and we do so in more 
algebraic language. 

We first introduce the following terminology. 

Definition 4.1. Let = U f T : E a — > E a (where U is a a x a matrix with entries in R) 
be a Frobenius map. We shall call an ideal Q-special (or just special if is understood) if 
it is an annihilator of an P[0; /J-submodule of E a . Equivalently, an ideal is ©-special if it 
is the annihilator of R a /W where UW C W [p] . 

Fix u 6 R and = uT throughout the rest of this section. 

Theorem 4.2 (cf. section 4 in [KS]). Let P C Q be prime -special ideals, write S — R/P. 
Let J C R be an ideal whose image in S defines its singular locus. 

(a) // (PW : P)Q C QM then J CQ. 

(b) // (PW : P)Q £ QW then (uR + P^ : (pW : P)) C Q. 

(c) Assume further that R is F -finite. If the restriction to E (P) is not the zero map, 
then {uR + PW : (PM : P)) D P. 

Proof. Write Er q = Er q (Rq/QRq). Note that Rq is regular; let T be the natural Frobe- 
nius on Er q . 

Write E = Es q (Sq/QSq) = anne^ PRq and note that the Frobenius maps on E are 
given by (PRq 1 : PRq)T and that the Frobenius maps on ami£ Hfj QRq C ann£ BQ PPq = 
P are given by (QR 1 ^ : QR Q )f (cf. Proposition 4.1 in [Kl] ). 

If (a), then (PP^ 1 : PP Q ) C (QR [ ^ ■ QRq), i.e., ann B QR Q is an S[0]-submodulc of E 
for all Frobenius maps on P. Now if J ^ Q, 5q is regular and P is a simple ^[rj-modulc 
where r : P — > P is the natural Frobenius map, hence Q = P or Q = R, a contradiction. 

If (b), pick any ct(uR + PW : (PW : P)). We have 

c(PW : P)Q C ( U P + pM)Q c QM 

and since (PW : P)Q £ QW we conclude c is a zero-divisor on R/Q^ and c e Q. 

To prove (c) we follow F and identify the S-module (pW : P)/pM with Hom^P^, 5) 
and m with a non-zero ^ € Horns (PkS, S). We define C to be the S'-submodule of Horns (P^S, S) 
generated by i>. Now Homs(F*S, S) is a rank-one P*5-module (cf. [0 Lemma 1.6]) and 
hence there exists a non-zero c G 5 which multiplies Horns (P* S", S 1 ) into C, and hence c 
multiplies (P M : P) into wP + pW . □ 
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To turn this theorem into an algorithm, one would start with a given special prime P 
and find all special primes Q D P for which there is no special prime strictly between P 
and Q. We shall henceforth refer to such special prime Q as minimally containing P. 

Corollary 4.3. (a) Any prime containing I±(uR) is a special prime. 

(b) Let P be a special prime which does not contain I\ (uR) . The set of special primes 
minimally containing P is finite. 

(c) Let P be a special prime such that uT is not nilpotent on E (P). The set of special 
primes minimally containing P is finite. 

Proof. The first statement follows from Lemma 13761 with e = 1, O = uT: if P D Li(uR), the 
restriction of uT to E (P) is zero. 

For P as in (b), any special primes ideal Q minimally containing P is either among 
the finitely many special primes not containing Ix(uR) or a special prime which contains 
Li(uR) + P 2 P, an d in the latter case it is among the minimal primes of I\(uR) + P. 

For (c) note that if uT is not nilpotent on E (P) , the restriction of uT to is not zero and 
Lemma [3TB1 shows that P does not contain Ii{uR) □ 

A by-product of Theorem 14.21 and Corollarv l4.3l is the algorithm described in |KS| section 
3] which produces in the F-finite case all 0-special primes P for which the restriction of 
to E (P) is not the zero map. As stated in the introduction, the aim of this paper is to 
extend this algorithm and produce the prime annihilators of submodules of E a preserved 
by a given Frobenius map which restricts to a non-zero map, and we shall do so in the 
subsequent sections. It might be instructive at this point to see why Theorem 14.21 is not 
useful when a > 1: while parts (a) and (b) of the Theorem hold in this extended generality, 
part (c) of the Theorem fails. The problem with (c) is that the module Horns (i^S*", S a ) is 
usually not cyclic when a > 1. 

5. The case a > 1 

The main aim of this section is to extend Corollary !4.3l to the case a > 1 and to obtain as 
a byproduct and algorithm for finding all special primes P with the property that for some 
R[Q; /]-submodulc M C E a with (0 :r M) = P, the restriction of to M is not nilpotent. 

Theorem 5.1. The set of all special primes P with the property that for some i?[0;/]- 
submodule M C E a with (0 :r M) = P. the restriction of & to M is not zero, is finite. 

We will prove this theorem by induction on a; the case a — 1 being the content of 
Corollary 14.31 We shall assume henceforth in this section that a > 1 and that the theorem 
holds for a — 1 and that, additionally, as in the case a — 1, there is an effective way of 
finding the finitely many special primes in question. 

We should note that, given a non-zero Frobenius action U T : E (W) -> E (W) with 
special prime Q = (0 : R a ~ 1 /W), the induction hypothesis gives us an effective method for 
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finding this Q: for any other C/'*T-special prime P c Q, (PR 01 - 1 )* 11 '^ C (QH^ 1 )* 11 '^ C 
VF 7 and hence the restriction of U' T to 



E ((P^" 1 )*^) DE((QR a - 1 Y U ' 



is not nilpotent. Now we can enumerate all these special primes P starting with P = and 
ascending recursively to bigger special primes until all such special primes are listed. 

Lemma 5.2. Assume a > 1. Let Q be a special prime, and let W C R a be such that 
UW C W"'] <™d (0 i? a /W) = Q. Lei a Q and let X be an invertible ax a matrix with 
entries in the localization R a . Let v 3> be such that U' — a"X' p '[/X _1 has entries in R 
and let W = XW a H R a . Write 9' = U ft T. Then 

(a) Q is a minimal prime of (0 : R R a /W), 

(b) U'W C W' [p] and hence Q is U^T -special, and 

(c) if the restriction of e to E (W) is not zero, nor is the restriction /e to E(W), 
Proof. We have 

(0 : R R a /W') a = (0 : Ra R a a /XW a ) = (0 : Ra R a a /W a ) = (0 : R R a /W) a = QR a 

and (a) follows. 

For (b) consider the commutative diagram 

Ra/Wa R a a /W [ I ] 



X 

x lp] ux- 



XIp] 



and compute 

f/'w' = a l, x [p] ux- 1 (xw a n i? Q ) c (o^^^x-^Wo) n R a c 
p^w* 1 ) n iT = (XW ) H n iT = (XW a n i? Q ) bl = M^ /bl . 

The second statement in (b) now follows from (a) and Lemma 13.81 

Lemma I5TB1 shows that the restriction of G e to E (W) is not zero if and only if 

L e (U [p °~ 1] U [p °~ 2] ■■■UR a ) % W, 

i.e., if and only if 

U [pe ~ 1] U [p °~ 2] ---UR a % W [pC] . 
The same Lemma shows that to prove (c) we need to verify that this implies that 

I e (U' lpe ~ 1] U' lpe ~ 2] ■■■U'R a ) % W, 

i.e., that 

U 'k'~ 1 i U 'k'~'K..u'ir % w' lpl . 

Write b = a v aP v ■ ■ ■ of"' 1 ". We calculate 

jjdp'- 1 ]^- 2 ] ...u> = bxWub'^Ub"'! ■ ■ ■ UX- 1 



10 



MORDECHAI KATZMAN AND WENLIANG ZHANG 



and if bX^U [p " 1] U [p ^ 2] • • ■ UX^R 01 C W ,[pl we may localize at a to obtain 
x\-P^u [p "~ 1] U [p °~ 2] ■ ■ ■ UR* = bX [p " ] U [pC ~ 1] U [p ^ 2] ■■■UX- 1 R« 

c w' a [p ' ] 
= (xw a ) lp ' ] 
= x^wf ] 

hence f/b^lc/b 6-2 ] ■■■UR% C and since a is not a zero-divisor on i^/W^ we 

deduce ^U^~ 1 • • • PP Q C W&°\ contradicting our assumption. 

□ 

Lemma 5.3. Let P C R be a special prime and V = {PR a )* U C R a . Then E(F) is the 
largest R[0; f]-module whose annihilator is P. 

Proof. The construction of the ^-closure guarantees that E (V) is an P[9; /]-module, and 
this is clearly annihilated by P. If E (W) is another P[9; /]-module annihilated by P then 
PR a C W and (PR a )* U C W* u = W and hence E (V) 2 E (W) and the annihilator of 
both is P. □ 

Lemma 5.4. Let Q be a special prime minimally containing the special prime P. Let 
aeQ\P and write V = ((P + aR)R a f u then Q is among the minimal primes of R a /V. 

Proof. We have 

(PR a )* U CV C (QR a )* u 

and so 

E ((QP Q )* U ) C E (V) C E ((PP")^) 

and looking at the annihilators of these we get P C (0 :r R a /V) C Q and we deduce that 
Q contains a minimal prime of R a /V. This minimal prime is also special by Lemma 13.81 
and since Q minimally contains P, this minimal prime must equal Q. □ 

We first deal with the following crucial special case. 

Proposition 5.5. Assume that the ath column ofU is zero and that E (PP Q ) is an P[0; /]- 
module on which the action of is not nilpotent. Let ir : R a — > R a ~ l be the projection onto 
the first a — 1 coordinates, let U$ be the submatrix of U consisting of its first a — 1 rows and 
columns. Let Q be a special prime minimally containing P , and let W — QR a * u so that 
UW C and (0 : R R a /W) = Q. 

(a) Define the Frobenius map 6 : E^ 1 E 01 ' 1 given by 9 = U^T . Then E (PP"" 1 ) 
is an R[Qq; f]-module, and P is Oo-special. 

(b) Assume that the action of Oo on E (PP Q_1 ) nilpotent. Then either the action o/O 
on E (PR a ) nilpotent or Q is a special prime for a Frobenius map E 1 — » E 1 whose 
restriction to E (Q) is not zero. 
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Letr C R be the intersection the finite set of Qq- special prime ideals minimally containing 
P and write the submodule Ni^P" -1 ) := {z E P"" 1 \ Q^z = for some e > 0} as E (K) 
where K C R<*-1 . Write J = (0 : R R a - 1 /n(W)). Note that J D Q and hence J D P. 

(c) Let Ko = P Q_1 and define recursively Kj+\ — IxiU^Kj ) for all j > 0. Then K C Kj 
for all j > 0. 

(d) We have tK C (JR a - 1 y u ° hence tK C n(W) . 

(c) If the action of 6o on E (PP Q_1 ) is not nilpotent, then tK % PR a ~ x and UqtK % 

For any v = (wx, . . . , w a -\, w a Y E R a define w = (u>i, . . . , w a -x, 0)* and for any V C P" 
/e£ V denote {v\v E V}. Let i : R a ~ x — > P Q_1 @ R be the natural inclusion t(v) = v © 0. 
TVote thatV= t(ir(V)). 

(f) VKe ftaue Ji (Ul(tK))* U C W and 7 X {Ul{tK))* U % PR a . 

(g) Let M' oe a matrix whose columns generate p ((Ul(tK))* C Ty and choose an 
entry a in it which is not in P. Then either a E Q, in which case Q is among the 
minimal primes of ((P + Ra)R a )* U , or a ^ Q, and Q can be obtained as a special 
prime of a Frobenius action U' l T : P Q_1 — > E a ~ 1 . 

Then Theorem \5. ll holds and there exists an effective method for finding the special primes 
P with the property that for some P[0; /]- submodule M C E a with (0 :r M) = P, the 
restriction of to M is not zero. 

Proof, (a) The fact that E(PP") is an R[G; /]-module is equivalent to PlmU C pMp Q , 
and this implies that all entries in U are in (pM : P) which in turn implies (a), 
(b) Pick e > 1 so that the restriction of 0§ to E (PP"^ 1 ) is zero. Consider the matrix 
\j\p e - ][/[p s - 2 ] ...[/; denote its last row (^xi • • • j ffa-i, 0) and note that its top left (a — 1) x 
(a — 1) submatrix is ujf 'Pq P ' • • • Uq and our assumption implies that the entries of 
this matrix are in C Q 1 ^ 1 so the action of 6 e = pb e_1 ] pfe- 6-2 ] ■■■U t on E (W) is 

the same as the action of a matrix U e whose first a — 1 rows are zero and its last row is 
(Sfi,...,ff o _i,0). 

Define L as the union of 

Lo = QR a 

L x = L e (U e QR a ) + QR a 

L 2 = I e {U e I e (U e QR a ) + U e QR a ) + I e {U e QR a ) + QR a =I e {U e QR a )+QR a 

and the stable value at L\ defines an R[U e T e ; / e ]-module E(Lx) whose annihilator is Q. 
Now U e Q C QW so 3l Q C Q[p c ] for all 1 < i < a - 1, hence Q is 3i P e -special for all 
1 < i < a — 1. One of these <7iT e must restrict to a non-zero map on E (P) otherwise 
<7i G P' p 1 for all 1 < i < a and then the restriction of 8 e to E (PP Q ) would be zero. We 
can now find all such Q using the algorithm in section 5 of KS . 
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(c) Clearly K C Kq. Lemma [3.71 implies that I\{UK) = K, so if we assume inductively 
that K CKj, then K = h{UK) C h(UKj) = K j+1 . 

(d) Lemma \'S . 8 1 shows that r C and so for all large e > we have r^' C J and hence 
also 

(t^kY U ° C (Ji?"- 1 )^ c jtCW)* 170 = ?r(W). 
We compute (t' p 'x) ^ as the union of 

L x = h(UoT [p ° ] K^+L = T^~ 1 h 1 (U Q K) + L a = T^^K 1 + L Q 
L 2 = h (u t [p °~ 1] K^ +L 1= r^^h {U Ki) + L x = T b'~'lK u + In 

L e = rK e + L e -i 



and from (c) we deduce that tK C tK £ CL e C (t^K)* 

(e) The hypothesis that the action of Go on E (Pi?" -1 ) is not nilpotent is equivalent to 
K % PR 1 *- 1 and since r % P we obtain tK % PR"- 1 . If U tK C P^R a -\ then 
f7o# C P^R°-\ K = h(U K) C PR*- 1 , and the action of 6 on E (PR*- 1 ) is nilpotent. 

(f) Define Wi = {w G W|7r(u;) G rif} and note that (d) implies that n(Wi) = tK. We 
have WiQW hence W* u C PF** 7 = VK; also W? 17 = 7i(C/W^i)* c/ + Wi and UWi = UWl = 
Ul{tK) hence h ((Ul(tK))* U C J^* 17 C W. 

If Ji (Ul(tK)) C PP q then C/otX = tt {Ui{tK)) C pMp"" 1 , in contradiction to (e). 

(g) If a € Q, Lemma [5.41 shows that Q is among the minimal primes of ((P + Ra)R a )* U , 
and the conclusion follows. If a ^ Q, we can apply Lemma 15.21 with the matrix X with 
entries in R a such that e a e W = XW a fl R where e a is the vector (0,0,..., 0, 1)' G R a . 
Now i? a /VF = P"- 1 /?^'), Q is an associated prime of (0 : R R a ' 1 /7T(W')), and Q is 
[/'*T-special, with 17' as defined in Lemma 15721 

Now Q is special for the Frobenius map induced obtained by the restriction of U' T to 
E (W 7 ); part (b) and Lemma l5.2f c) shows that this map is not nilpotent and we can apply 
the induction hypothesis to find Q. 

□ 

Theorem 5.6. Let P be a special prime, let Q be a special prime minimally containing P. 
Let M be a matrix whose columns generate (PR a )* . 

(I) Assume that ImM D PR a . Then either 

(a) All entries of M are in Q, hence there is an entry q £ Q \ P, and Q is among 
the minimal primes of (0 :r R a /((P + qR)R a )*), or 
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(b) There exists an entry of M which is not in Q, and Q is a special prime of a 
Frobenius action on E a ~ x . 
(II) Assume that ImM = PR a . There exist an a\ G R \ P, a g G (P^ : P) and an 
ax a matrix V such that for some fi > 0. a^U = gV modulo PM . Write d — det V . 
Either 

(a) d € P, and Q can be obtained as a special prime of a Frobenius action on E a , 

(b) d G Q \ P ' , and Q is among the minimal primes of (0 :r R a /((P + dR)R a )*), 
or 

(c) d ^ Q and Q can be obtained as a special prime of the Frobenius action on gT 
on E. 

Proof. Choose W Q C R a such that UWq C and such that (0 : R R a /Wq) = Q. 

Assume first that we are in case (I). If (a) we can choose and entry q of M such that q G Q\ 
P. Now Lemma l5^4l shows that Q is among the minimal primes of (0 :r R a / ((P + qR)R a )*) . 

Assume now that we are in case (I)(b), i.e., assume the existence of an entry of M not in 
Q. Note that with Wq as above we must have Wq 2 {QR a f 3 {PR a )* = ImM and if we 
choose a matrix Mq whose columns generate Wq , we see that Mq contains an entry not in 
Q. We now apply Lemma [5.2l with W replaced by Wq : there exists an invertible ax a matrix 
X with entries in R a such that XWq contains the elementary vector e a :— (0, ... ,0, 1)', 
and with U' and W' as in the lemma, we obtain Q as a special prime of the Frobenius 
action (U'f on E(W'). We note that R a /W' S R^ 1 /W" where W" is the projection 
of W' onto its first a — 1 coordinates, hence Q is a special prime of the Frobenius action 
(U 1 ) on E (W"). We may now apply the induction hypothesis and deduce that we have an 
effective method of finding Q. 

Assume henceforth case (II) and note that UPR a C P^R a implies that the entries of 
U are in (pH : P). Write S = R/P; recall that (pM : p)/pW ^ Hom s (P*S', 5) is an 
S'-module of rank one, so we can find an element ai G R \ P such that the localization of 
(pbl : p)/pbl a t ai is generated by one element g/1 + P^} as an S ai -module (and hence 
also as an P Ql -module). If a± G Q, we may construct Q as in case (I)(a), so assume a\ (fi Q. 

We can now write a±U = gV+V for some \x > and ax a matrices V and V with entries 
in R and P^ , respectively. Now the restriction of the Frobenius map V 1 T to E (PR a ) is 
zero, and hence so is it restriction to E (Wq), and we may, and do, replace V with the zero 
matrix without affecting any issues. 

Write d = det V and distinguish between three cases: 

(1) Assume d G P. Working in the fraction field F of S we can find an invertible matrix 
X with entries in F such that the last column of VX -1 is zero. We can now find an 
element a2 G R\P such that the entries of X and A -1 are in the localization R a2 ; 
write a = a\a^- 

We now apply Lemma 15.21 to deduce, using the Lemma's notation, that Q is 
a special prime of the Frobenius map U' T where U' = a^X^UX^ 1 , Q = (0 :r 
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R a /W), and {U'fT : E(W') -> E (W) is not nilpotent. We note that the last 
column of V is zero and hence we can produce Q using Proposition 15.51 

(2) If d £ Q \ P, we may construct Q as in case (I) (a). 

(3) Finally we may assume that d ^ Q. We now apply Lemma 15.21 with a = aid, 
W = (QR a )* U and X = I a , the the a x a identity matrix. With the notation of 
that Lemma, we have W' = (QR a )^ U n R a . We now explicitly compute (Qi? Q )*' 7 
as the union of the sequence 

L = QR" 

L\ = h(UQR a a ) + QR a a =h{gVQR a a ) + QR a a =h{gQR a ) a + QR a a 
L>2 = h{gLi) + Li 

and we compare this to (QR a )* a 9la explicitly computed as the union of the sequence 
L' = QR" 

L[ = h{gQR a a ) + QR a a =h{gQR a ) a + QR a a 

where we used Lemma 13.51 in the third equalities for L\ and L[. The fact that 
Li = L\ implies that L t = L[ for all i > 1 and hence (QR a )* a U = {QR a )* a 9la . Now 
W = (QR a )* a U n R a = {QR a )* a gIa n R a , Lemma E2 implies that Q is a minimal 
prime of R a /W and hence Q is (glo^T-special. 

We can now deduce that Q is gT-special, and we find Q using the case a = 1, 
provided that P is also gT-special and gT : E (P) — > E (P) is non zero. The former 
follows from the fact that g e (pM : P) and the latter from the fact that the image 
of g + p[ p l after localization at the fraction field of S generates a non-zero module, 
hence g £ P^. 

□ 

Theorem 15.61 provides an effective algorithm to find all special primes with the property 
that for some i?[0; /]-submodule M C E a with (0 :r M) = P, the restriction of 8 to M is 
not zero. It also finishes the induction step step of the proof of Theorem 15.11 For the sake 
of completeness, we end with a proof of Theorem 15. II 

Proof of Theorem \5. li We will use induction on a. When a = 1, our theorem has been 
proved in Section 4. Assume that a > 1 and our theorem has been established for a — 1. 
Let P be a special prime (we can always start with P = (0)) and let M be a matrix 
whose columns generate (PR a )*, then there will be two cases: (I). ImM D PR a ; (II). 
Im M = PR a . As proved in Theorem 15.61 in either cases there are only finitely many 
special primes Q minimally containing P (by our induction hypothesis). Since only finitely 
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many special primes are produced at each step and the number of steps is bounded by the 
dimension of R, there are only finitely special primes with the desired property. □ 

6. The algorithm in action and two calculations 

We first piece together all the results of the previous sections into an explicit algorithm. 
: Input 

• A ring R = K[xi, . . . , x n ) where K is a field of prime characteristic p, and 

• A a x a matrix U with entries in R such that U t T is not a nilpotent Frobenius 
map on E a . 

: Output 

The list A of all t/'T-special primes Q with the property that the Frobenius 
map on E (QR a ) is not nilpotent. 
: Initialize 

A = {0} , B =0. 
: Execute the following 

If a = 1 use the algorithm described in [KSj to find the desired special primes, put 
these in A, output it, and stop. 

While A ^ S, pick any P e A \ ¥>, write (PR a )* u as the image of a matrix M 
and do the following: 

(1) If there is an entry a of M which is not in P then 

(la) add to A the minimal primes of the annihilator of R a /{{P + aR)R a )* u , 
and 

(lb) find an a x a invertible matrix X with entries in R a such that Im MR a 
contains the orth elementary vector, choose v ^> such that U' = 
X^UX -1 has entries in R, let Uq be the submatrix of U consisting of 
its first a — 1 rows and columns, find recursively find the special primes 
of UqT, add to A those which are also C/ T T-special. 

(2) If (PR a )* u = (PR a ) find oi € R\P, g € (P lp] :P),axa matrix V and p, > 
such that a>i = gV modulo P^. Compute d — det V. 

(2a) If d 6 P, find an element ai G R\P and an invertible matrix with entries 
in R a2 such that the last column of UX^ 1 is zero. Find v 3> such that 
the entries of U x {a x a^) v 'X^UX- 1 are in R. Let Uq be the submatrix of 
U\ consisting of its first a — 1 rows and columns. 
(2a) (i) If the restriction of (U^T) e to E (Pi?"" 1 ) is zero for some e > 0, 
write the last row of f/j p K..Ui as (g\, 52, • ■ • , g a -i, 0), find 

all <7iT-special primes as in |KS| and add to A those which are also 
[7*T-special. 

(2a)(ii) If the restriction of UqT to E (Pi? a_1 ) is not nilpotent, compute 
recursively all L^T-special primes minimally containing P and their 
intersection t, find K C P Q_1 such that E {K) is the module of 
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C/gT-nilpotent elements, compute h {U\l{tK))* 1 and write this as 
the image of a matrix M' . Find a entry a in M' not in P. Now 

• Add to A all the minimal primes of R a /(P + aR)* Ul which are 
also Z7*T-special. 

• Find an invertible matrix X with entries in R a such that Im M' R a 
contains the ath elementary vector. Find v 3> such that U2 = 
a^X^UiX -1 has entries in R. Let U3 be the submatrix of U2 
consisting of its first a— 1 rows and columns. Compute recursively 
all C/^T-special primes and add those which are also t/'T-special 
to A. 

(2b) If d (f: P, add to A the minimal primes of the annihilator of R a ((P + 
dR)R a )* u . 

(2c) If <i ^ P, use the algorithm described in |KSj to find the gT-special primes 
and add to A those which are also J7*T-special. 
(3) Add P to 25. 
Output A and stop. 

We now apply the algorithm to the calculation of special primes in two examples. The 
first, illustrates the trick of reducing a = 2 to a calculation with a = 1, and the second 
illustrates a case where Theorem l5. 6f II) fa), and hence, Proposition l5.51 needs to be applied. 

6.1. First example. Let R = Z/2Z[x, y, z] and let 

/ x 3 + y 3 + z 3 xy 2 z 5 \ 
y x(y 2 + z 2 ) x 3 J 

We start with the special prime Pq = 0: to find the special primes minimally containing 
Po, we apply Theorem 15.61 and find ourselves in case (II) with g = 1, U — V, and d = 
det U = x 2 (x(y 3 + z 2 ) + x 4 + y 2 z 5 (y 2 + z 2 )). We look for special primes containing d as in 
Theorem 5.6(II)(b): 

Ur 2 Y u = iJ v z x ). 

x J \ x y+z J 

The annihilator of R 2 / (dR 2 ) has a unique minimal prime Pi = (x,y + z)R, hence P\ is a 
special prime. We look for special primes not containing d as in Theorem 5.6(II)(c): these 
would contain g = 1, hence there aren't any. 

Next we find special primes Q containing Pi . 

We compute 

o*u I x y z 0\ 9 

PxR 2 = Im y D Pii? 2 

^ x y + z J * 

and we are in case (I) of Theorem 5.6. We first consider the cases y £ Q and z £ Q which 
give: 

(x,y 1 z)R 2 * U = (x,y,z)R 2 
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and we obtain the special prime Pi = (x, y, z)R. Assume now that y £ Q, let 
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X = 

and compute 

U' = yX^UX^ 1 = 




x 3 + y 3 + z 3 xyz 5 



xy 2 (y 2 + z 2 ) x 3 y I 

We now deduce that Q must be a x 3 y-special prime; these are computed with the algorithm 
in [KSj to be xR, yR and (x,y)R. We compute ann H R/(xR 2 )* u = Pi, amiR R/(yR 2 )* u — 
Pi, and amiR R/(x,y)R 2 * U — Pi so xR, yR and (x,y)R are not [/-special. 
We conclude that the set of special primes is {Po, Pi, Pi}- 

6.2. Second example. Let R = Z/2Z[x, y, z], / = x 3 + y 3 + z 3 , g = x 2 + z 4 and define 

U = 




We start with the special prime Po = 0, and find the special primes Q minimally con- 
taining Pq by following Theorem I5.6f II) fa) as follows: with 



X' 

we compute 



-y/x 
1 

n2f , n ,2. 



U> = XXMUX-1= Xf+ J g ° . 

\ x 2 g J 

The J/'-special primes either contain x or are [/''-special primes. To find the former we find 
that Pi = (x, z)R is the only minimal prime of the annihilator of R 2 /xR 2 * U and we add it 
to the list of [/'-special primes. 

We now find the [/''-special primes using Proposition 5.5 as follows. Write Uo — (x 2 f + 
y 2 g) and compute K = R* u ° — (x,y)RC\ (x,z 2 )Rr\ (x 3 ,y,z)R and since this is not zero, 
UqT is not nilpotent on E (Po) and we can proceed to find the [/''-special primes using 
Proposition 15. 5f g). We compute the set of [/oP-special primes to be {tR, (x, y)R, (x, z)R} 
where r = (y 2 z i + x 2 (x 3 y 3 + z 3 + y 2 ))R; the intersection of these is tR. We now compute 

*U 




h (Ul(tK)Y Uo = Im 

We now look for special primes which contain x, and were considered above, and those Q 
which do not contain x. For the latter we apply Lemma 15.21 with X being the identity, and 
deduce that Q is PoP-special which we found above. To test whether any of tR, {x, y)R, 
and (x,z)R is PgP-special we compute tR 2 * U ° = (x,y,z)R 2 , (x,y)R 2 * U ° = {x,y,z)R 2 , 
and (x, z)R 2 * = (x, y, z)R 2 so none of this is Po^" s P ec i aL We conclude that the only 
PoP-special is 0. 
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We iterate the algorithm again, this time with the special [/'T-prime P = Pi = (x, z)R. 
We compute 

P x R^ U =lJ X V Z ° °)d Pi R 2 
\ x z J 

and with Theorem I5.6IT ) we look for special [7*T-primes minimally containing Pj among 
those containing y and those not containing y. The former must contain the minimal primes 
of the annihilator or 

R 2 /(yR + P 1 )* U = R 2 /(x,y,z)R 2 

hence the only such special prime is Pi = (x, y, z)R. For those special primes which do 
not contain y, and application of Lemma 15.21 (with X as the identity matrix) shows that 
that those special primes are yg special. These special primes can be computed to be yR, 
(y, x + z 2 )R and (x + z 2 ). Only the last excludes y and none contain P\ so none yield new 
C/'T-special primes. 

We conclude that the only J7*T-special primes are Pq = 0, Pi = (x, z). 

7. Connections with Frobenius near splittings 

Recall that a Frobenius near- splitting of R is an element of Hom^F 1 *./?, R), and, if, 
additionally, 0(1) = 1, we call (j> a Frobenius splitting. The results in [KSj used in this 
paper where mainly in terms of ideals / C R stable under a given Frobenius near-splitting, 
that is, ideals ICR for which (^(F^I) C /, and later in section 6.2 there a connection was 
established with submodules stable under a given Frobenius map on E. 

Here we go the other way around and, having established a method for finding the radical 
annihilators of submodules of E a , we show how this method finds the annihilators of certain 
modules stable under the following generalization of Frobenius near-splittings. 

Definition 7.1. A Frobenius near- splitting of R a is an element cf> of Homji(F*R a , R a ). 
Given such a Frobenius near-splitting (j>, we call a submodule V C R a 0-compatible if 
<P(F*V) C V. 

Thus if V C R a is 0-compatible we have a commutative diagram 

F„R a ^ R a 

V V 

F*R a /F*V -^—^ R a /V 
and if we take Matlis duals we obtain 

(1) Hom(F»i? a , E) ^ E a 

Hom(F*i? a /F*V, E\j< E (V) 
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The following establishes in the F-finitc case the connection between the annihilators of 
submodules of E a fixed under a Frobenius map and the annihilators of quotients of R a by 
sub-modules compatible under a Frobenius near-splitting. 

Proposition 7.2. Assume that R is F '-finite. Let 4> & Homn(F*R a , R a ) and let V C R a 

be a (j)- compatible submodule. Then <p y , the Matlis dual of <f), is a Frobenius map on E a 
with the property that </> v (E (V)) C E(V) and the annihilator of R a /V coincides with that 
ofE(V). 

Hence the method of Theorem 15. 1\ finds all radical annihilators of quotients R a /V for 
(j)- compatible submodules V for which <fi(F*R a ) % V. 

Proof. Since R is _F-finite, F*R is a free J?-module. In this case one has a natural isomor- 
phism Homn(F*R, E) = F*E and diagram (JlJ is identified with 

(2) F*E a E a 

k ^ v 

annp e<* F^V* ■< annga V* 

We now recall that R a /V and its Matlis dual have the same annihilator and to establish 
the last claim we note that the restriction of 4> v to anngo V is zero precisely when the map 
F*R a /F*V -> R a /V vanishes, i.e., when (j){F*R a ) C V. 

□ 

The correspondence between Frobenius splittings and Frobenius maps in the non- infinite 
case may be far more complicated (for example, cf. section 4 in [K2 .) 
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